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We study initially dense objects for metrically generated constructs X in the sense of
[E. Colebunders, R. Lowen, Metrically generated theories, Proc. Amer. Math. Soc. 133 (5)
(2005) 1547–1556 (electronic)]. For the base categories consisting of metrics, quasi-metrics,
totally bounded quasi-metrics and totally bounded metrics, a general description of some
initially dense objects is given in case the expander is local. Using these results, we will
prove that for a large class of metrically generated categories, the base category C can be
replaced by the subconstruct consisting of the totally bounded C-metrics.
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1. Introduction
An object Y of the construct X is called initially dense in X if for every X-object X , there exists an initial source
( f i : X → Y )i∈I with codomain Y . Remark that an object of a topological construct X is initially dense iff its bireﬂective hull
is the whole category. Constructs with an initially dense object offer sometimes the possibility of restricting to the initially
dense object, for example for the characterization of exponential objects. Schwarz [8] proved that in a topological construct
with initially dense object Y , an object X is exponential iff there is a proper admissible structure on the set of morphisms
Hom(X, Y ) from X to Y . In these topological constructs the problem whether an object X is exponential reduces to the proof
that the evaluation map ev : X × (Hom(X, Y ), p(X, Y )) → Y , with p(X, Y ) the smallest proper structure on Hom(X, Y ), is
a morphism. Applying this theorem to the categories Top (the category of topological spaces) and Top0 (the category of T0
topological spaces) with initially dense object the Sierpinski space, Schwarz gives new characterizations of the exponential
objects in Top and Top0. The category CReg of completely regular spaces has also an initially dense object. Using this,
Schwarz characterized the exponential objects of CReg. It is well known that the category PrTop of pretopological spaces
has an initially dense object, in particular the pretopological space 3 with underlying set {0,1,2} and neigborhoodﬁlters
V(0) = V(2) = {0,1,2} and V(1) = {{1,2}, {0,1,2}}. This fact was used in [7] to describe the exponential objects of PrTop.
The initially dense object 3 of PrTop also plays an important role in the proof that PrTop is the extensional topological hull
of Top [5]. Analogously, E. Lowen and R. Lowen proved in [6] that PrAp is the extensional topological hull of Ap, using the
initially dense object of PrAp.
In this paper we will characterize initially dense objects in a general setting. The general framework, we will be working
in, is the one of the metrically generated constructs as introduced in [3]. These are constructs that are naturally described by
means of a suitable functor deﬁned on a certain base category C consisting of quasi-pre-metric spaces. We will be dealing
with the so called local theories introduced in [4]. For example all the above categories are captured in this way. For the
base categories consisting of quasi-metrics, metrics, totally bounded quasi-metrics and totally bounded metrics, we give a
general description of an initially dense object for all local theories. Using the initially dense objects, we will prove that for
a large class of metrically generated categories, the base category C can be replaced by the subconstruct consisting of the
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local metrically generated categories and a subconstruct of the category of aﬃne sets over [0,∞].
2. Metrically generated theories
In this section we gather all the preliminary material from [3] that is needed to introduce the metrically generated
constructs. A function d : X × X → [0,∞] is called a quasi-pre-metric if it is zero on the diagonal, we will drop “pre” if
d satisﬁes the triangle inequality and we will drop “quasi” if d is symmetric. Note in particular that we do not suppose a
metric to be either real-valued or separated. On the set of quasi-pre-metrics on X , we consider the pointwise order. For a
quasi-pre-metric d, we will denote by d−1 the quasi-pre-metric deﬁned by d−1(x, y) = d(y, x) for all x, y ∈ X . A metric d
on X is called totally bounded if for all  > 0, there exists x1, . . . , xn ∈ X such that X =⋃ni=1 Bd(xi, ). A quasi-metric d is
called totally bounded if d∗ = d ∨ d−1 is a totally bounded metric.
Denote by Met the topological construct of quasi-pre-metrics and contractions (a map f : (X,d) → (X ′,d′) is a contrac-
tion if d′ ◦ f × f  d) and by Met(X) the ﬁber of Met-structures on X .
A downset in Met(X) is a non-empty subset S such that if d ∈ S and e is a quasi-pre-metric, e  d then e ∈ S . For any
collection B of quasi-pre-metrics we put B↓ := {e ∈Met(X) | ∃d ∈ B: e  d}. We say that B is a basis for D if B↓ = D.
M is the construct whose objects are pairs (X, D) where X is a set and D is a downset in Met(X). D is called a meter
(on X ) and (X, D) a metered space. If (X, D) and (X ′, D′) are metered spaces and f : (X, D) → (X ′, D′) then we say that f
is a contraction if
∀d′ ∈ D′: d′ ◦ f × f ∈ D.
A base category C is a full and isomorphism-closed concrete subconstruct of Met which is closed for initial morphisms and
contains all Met-indiscrete spaces. If (X,d) is a C-object, we call d a C-metric. In this paper we will consider the base
category C consisting of all quasi-metric spaces, Cs the construct of metric spaces, Csθ the construct of totally bounded
metric spaces and Cθ the construct of totally bounded quasi-metric spaces.
Given a base category C , one considers C-meters, these are meters having a basis consisting of C-metrics. The full
concretely reﬂective subconstruct of M, consisting of all metered spaces with meters having a basis consisting of C-metrics
is denoted by MC and again the ﬁber of MC-structures on X is denoted by MC(X). A function
ξ :MC(X) →MC(X) : D → ξ(D)
is called an expander on MC if the following properties are fulﬁlled:
E1. D ⊂ ξ(D);
E2. D ⊂ D′ ⇒ ξ(D) ⊂ ξ(D′);
E3. ξ(ξ(D)) = ξ(D);
E4. if f : Y → X and D ∈MC(X), then: e ◦ f × f ∈ ξ({d ◦ f × f | d ∈ D}↓) for all e ∈ ξ(D).
For two expanders ξ and η on MC , we write ξ  η if ξ(D) ⊆ η(D) for every set X and D ∈MC(X).
Given an expander ξ on MC , then MCξ is the full concretely coreﬂective subconstruct of MC with objects, those metered
spaces (X, D) for which ξ(D) = D.
Every construct MCξ is a well ﬁbred topological construct. Given a structured source ( f i : X → (Xi, Di))i∈I , the initial
structure on X is the meter
ξ{d ◦ f i × f i | d ∈ Di}.
The main result of [3] states that MC provides a model for all C-metrically generated theories in the sense that a topological
construct X is C-metrically generated (meaning that there is a functor K : C → X preserving initial morphisms and having
an initial dense image) if and only if X is concretely isomorphic to MCξ for some expander ξ on MC .
For any meter D, we put [D]C = {d ∈ D | dC-metric}. For any expander ξ on M, there is an adapted version on MC
deﬁned by ξC(D) = [ξ(D)]C↓. Throughout this paper we will consider local expanders. An expander ξ on MC is called local
if locC  ξ where loc is the following expander on M.
loc(D) = {e ∈Met(X) ∣∣ ∀x ∈ X, ∃d ∈ D, ∀y ∈ X: e(x, y) d(x, y)}.
Local expanders are studied in detail in [4]. Examples of local expanders on M that will be useful to capture important
constructs within the framework of metrically generated theories, are the following. For a meter D on a set X :
• ξT (D) = {e ∈Met(X) | ∀ > 0, ∀x ∈ X, ∃d1, . . . ,dn ∈ D, ∃δ > 0, ∀y ∈ X: supni=1 di(x, y) < δ ⇒ e(x, y) < };• ξA(D) = {e ∈Met(X) | ∀ > 0, ∀x ∈ X, ∀ω ∈ [0,∞[, ∃d1, . . . ,dn ∈ D, ∀y ∈ X: e(x, y) ∧ ω supni=1 di(x, y) + };• ξD(D) = {e ∈Met(X) | e  supd∈D d};
• ξC (D) = {e ∈Met(X) | ∀ > 0, ∀x ∈ X, ∃d ∈ D, ∃δ > 0, ∀y ∈ X: d(x, y) < δ ⇒ e(x, y) < }.
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is isomorphic to Top in case C equals C or Cθ , to the construct CReg of com-
pletely regular spaces in case C equals Cs or Csθ .
For the expander ξA , the construct MCξCA
is isomorphic to Ap in case C equals C or Cθ , to the construct UAp of uniform
approach spaces in case C equals Cs or Csθ .
For all base categories C , it can easily be seen that MC
ξCD
is isomorphic to the epireﬂective hull EHMet(C) of C in Met.
Since C and Cs are epireﬂective subconstructs of Met, we have that they are metrically generated.
MC
ξCC
is isomorphic to the construct Cl of Birkhoff closure spaces and continuous maps.
3. Initially dense objects in MC

ξ
and MC
θ
ξ
We now give a general description of some initially dense objects for local metrically generated categories with base
category C and Cθ . The quasi-metric dP on [0,∞] deﬁned by dP(x, y) = (x − y) ∨ 0 will play an important role in the
description of initially dense objects in MCξ .
Theorem 3.1. If ξ is a local expander onMC , then ([0,∞], ξ(d−1
P
↓)) is initially dense inMCξ .
Proof. For every (X, D) ∈MCξ , we will prove that the source(
d(x,−) : (X, D) → ([0,∞], ξ({d−1
P
}↓)))
d∈[D]C , x∈X ,
where d(x,−)(y) = d(x, y) for all y ∈ X , is initial in MCξ . First, we prove that all functions of the source are contractions.
For d ∈ [D]C and x, y, z ∈ X , we have: d−1
P
◦d(x,−)×d(x,−)(y, z) = d(x, z)−d(x, y)∨0 d(y, z). Where the last inequality
follows from the triangle inequality. Since D is a downset and ξ -saturated, it follows that
ξ
{
d−1
P
◦ d(x,−) × d(x,−) ∣∣ x ∈ X, d ∈ [D]C}⊂ D.
On the other hand, for all d ∈ [D]C , x ∈ X , we have:
d−1
P
◦ d(x,−) × d(x,−)(x, y) = d−1
P
(
d(x, x),d(x, y)
)= d(x, y) − d(x, x) ∨ 0= d(x, y).
Hence, D ⊂ locC {d−1
P
◦ d(x,−) × d(x,−) | x ∈ X, d ∈ [D]C }. Since ξ is a local expander, we can conclude that
D = ξ{d−1
P
◦ d(x,−) × d(x,−) ∣∣ x ∈ X, d ∈ [D]C}
and thus all sources (d(x,−) : (X, D) → ([0,∞], ξ({d−1
P
}↓)))
d∈[D]C , x∈X are initial in M
C
ξ . 
Applying this to the local expanders ξCT and ξ
C
C , yields that the topological space ([0,∞], {[0,a[| a ∈ [0,∞[}∪{[0,∞]})
is initially dense in Top and Cl.
Applying this theorem to the expander ξCA , implies that the approach space with underlying set [0,∞] and distance
δ(x, A) =
{
(inf A − x) ∨ 0, A = ∅,
∞, A = ∅ is an initially dense object in Ap.
This theorem applied to the local expander ξD , implies that the quasi-metric space ([0,∞],d−1P ) is an initially dense
object of the base category C . If the expander satisﬁes a slightly stronger condition, then there are some other initially
dense objects.
Deﬁnition 3.2.
η(D) = {e ∈Met(X) ∣∣ ∀x ∈ X, ∀ω < ∞, ∃d ∈ D: e(x, y) ∧ ω d(x, y)}.
Remark that η is a local expander.
Theorem 3.3. If ξ is an expander onMC such that ηC  ξ , then ([0,∞], ξ(dP↓)) is initially dense inMCξ .
Proof. In order to prove that ([0,∞], ξ(dP↓)) is initially dense in MCξ , we will construct an initial source from the initially
dense object ([0,∞], ξ(d−1
P
↓)) to ([0,∞], ξ(dP↓)) and then one can compose it with the initial source of the previous proof.
We consider the source(
Ta :
([0,∞], ξ(d−1↓)))→ ([0,∞], ξ(dP↓) : x→ (a − x) ∨ 0) + .P a∈R
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dP ◦ (Ta × Ta)(x, y) =
⎧⎨
⎩
0 if x a,
y − x∨ 0 if x a, y  a,
(a − x) ∨ 0 if x a, y  a.
So, in all cases we have dP ◦ (Ta × Ta)(x, y) d−1P (x, y). Thus ξ{dP ◦ (Ta × Ta) | a ∈ R+} ⊂ ξ(d−1P ↓).
On the other hand, for all x ∈ X , ω < ∞, let a = x+ω. Then we have d−1
P
(x, y)∧ω dP ◦ (Ta × Ta)(x, y) for all y ∈ [0,∞].
This implies that d−1
P
∈ ηC {dP ◦ (Ta × Ta) | a ∈ R+}. Since ηC  ξ , we can conclude that (Ta : ([0,∞], ξ(d−1P ↓)) → ([0,∞],
ξ(dP↓))a∈R+ is an initial source. 
If we apply this theorem to the expander ξA , then we ﬁnd that the approach space ([0,∞], δ(x, A) =
inf{(x− a) ∨ 0 | a ∈ A}) is an initially dense object of Ap.
The expanders ξCT and ξ
C
C also satisfy the conditions of this theorem. The isomorphic description of the initially
dense object ([0,∞], ξCT (dP↓)) in Top and Cl is the topological space with underlying set [0,∞] and collection open sets{]a,∞] | a ∈ [0,∞[} ∪ {{∞},∅, [0,∞]}.
This theorem implies that ([0,∞],dP) is also an initially dense object of the base category C .
For these expanders, there is also an initially dense object with basis consisting of totally bounded quasi-metrics. For
every a ∈ R+ , we deﬁne the following totally bounded quasi-metric on [0,∞]:
da : [0,∞] × [0,∞] → [0,∞] : (x, y) → (x∧ a − y ∧ a) ∨ 0.
Theorem 3.4. If ξ is an expander onMC such that ηC  ξ , then ([0,∞], ξ{da|a ∈ R+}) is initially dense inMCξ .
Proof. Analogously to the previous theorem, we can prove that the following source is initial in MCξ .(
Ta :
([0,∞], ξ(d−1
P
↓))→ ([0,∞], ξ{da ∣∣ a ∈ R+}) : x→ (a − x) ∨ 0)a∈R+ . 
If we apply this theorem to the expander ξA , then we ﬁnd the usual initially dense approach space P = ([0,∞], δP) with
distance deﬁned by
δP(x, A) =
{
(x− sup A) ∨ 0, A = ∅,
∞, A = ∅.
Remark that this approach space only differs from the previous one at inﬁnity.
If we apply this theorem to the expanders ξT and ξC , then we ﬁnd that the topological space ([0,∞], {]a,∞] | a ∈
[0,∞]} ∪ {[0,∞]}) is an initially dense object of Top and Cl.
Since, the quasi-metrics da are totally bounded, it now follows that every MC

ξ -object has a basis of totally bounded
quasi-metrics.
Theorem 3.5. If ξ is an expander onMC such that ηC  ξ , thenMCξ is isomorphic toMC
θ
ξCθ
.
The expander ξD satisﬁes the condition of this theorem, so we can conclude:
Corollary 3.6. EHMet(Cθ ) = C .
For the expander loc, one can prove that MCloc is not isomorphic to M
Cθ
loc . Before describing an initially dense object for
the base category Cθ consisting of totally bounded quasi-metrics, we ﬁrst generalize the property that real-valued totally
bounded quasi-metrics are bounded to the extended quasi-metrics.
Lemma 3.7. If (X,d) is a totally bounded quasi-metric, then there exists A ∈ R+ such that
∀x, y ∈ X : d(x, y) < A or d(x, y) = ∞.
Proof. Since (X,d) is a totally bounded quasi-metric, there exists x1, . . . , xn ∈ X such that X = ⋃ni=1 Bd∗(xi,1) with d∗ =
d ∨ d−1.
Let A = max{d(xi, x j) | d(xi, x j) = ∞} + 2. For x, y ∈ X , there exists i, j such that x ∈ Bd∗(xi,1) and y ∈ Bd∗ (x j,1).
If d(xi, x j) = ∞, then we have d(x, y) d(x, xi) + d(xi, x j) + d(x j, y) < A. If d(xi, x j) = ∞, then we have ∞ = d(xi, x j)
d(xi, x) + d(x, y) + d(y, x j). This implies that d(x, y) = ∞. 
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[0,∞]. For a ∈ R+ , let
ea : [0,∞] × [0,∞] → [0,∞] : (x, y) →
{
da(x, y), x = ∞ or x = y = ∞,
∞, x= ∞, y = ∞.
Theorem 3.8. If ξ is a local expander onMCθ , then ([0,∞], ξ({e−1a | a ∈ R+}↓)) is initially dense inMCθξ .
Proof. For every (X, D) ∈ MCθξ ,d ∈ [D]C
θ
, the function d(x,−) : (X, D) → ([0,∞], ξ{e−1a | a ∈ R+}) is a contraction, since
e−1a ◦ d(x,−) × d(x,−)(y, z) d(x, z) − d(x, y) ∨ 0 d(y, z).
From previous lemma follows that for every d ∈ [D]Cθ , there exists an a ∈ R+ such that d(x, y) < a or d(x, y) = ∞. For
the quasi-metric e−1a , we have e−1a ◦d(x,−)×d(x,−)(x, y) = d(x, y). This implies that D ⊂ locC
θ {e−1a ◦d(x,−)×d(x,−) | a ∈
R
+, x ∈ X, d ∈ [D]Cθ }. Now, we can conclude that the source (d(x,−) : (X, D) → ([0,∞], ξ({ea | a ∈ R+}↓))d∈[D]Cθ ,x∈X is
initial in MCθξ . 
Remark that for expanders ξ such that η  ξ , this initially dense object coincides with ([0,∞], ξ(d−1
P
↓)), while
locC
θ {e−1a |a ∈ R+} = locC
θ
(d−1
P
↓).
4. Initially dense objects in MC
s
ξ
and MC
sθ
ξ
In a similar way, we can describe initially dense objects for the base categories Cs and Csθ consisting of metrics, if we
replace the quasi-metrics d, which appear in the previous section, by their symmetrisation d∗ = d ∨ d−1.
Theorem 4.1. If ξ is a local expander onMCs , then ([0,∞], ξ(dE↓)) is initially dense inMCsξ .
Applying this theorem to the expander ξT , implies that topology on [0,∞] generated by the basis {[0,a[|a ∈ [0,∞]} ∪
{]a,b[ | a,b ∈ [0,∞]} ∪ {{∞}} is an initially dense object in the category CReg of completely regular topological spaces.
Applying this theorem to the expander ξA , we ﬁnd that the approach space with underlying set [0,∞] and distance
deﬁned by δ(x, A) = infa∈A |x− a| is initially dense in the construct of UAp of uniform approach spaces.
If we apply this theorem to the local expander ξD , we ﬁnd that the metric space ([0,∞],dE) is initially dense in the
base category Cs .
Theorem 4.2. If ξ is an expander onMCs such that ηCs  ξ , then ([0,∞], ξ{d∗a | a ∈ R+}) is initially dense inMCsξ .
This theorem implies that the approach space E = ([0,∞], δE) is initially dense in the construct of UAp of uniform
approach spaces. Here
δE(x, A) =
⎧⎨
⎩
infa∈A |x− a|, x< ∞,
0, x= ∞, A unbounded,
∞, x= ∞, A bounded.
Theorem 4.3. If ξ is an expander onMCs such that ηCs  ξ , thenMCsξ is isomorphic toMC
sθ
ξCsθ
.
Corollary 4.4. EHMet(Csθ ) = Cs .
Theorem 4.5. If ξ is a local expander onMCsθ , then ([0,∞], ξ({e∗a | a ∈ R+}↓)) is initially dense inMCsθξ .
5. Initially dense objects in (MC
ξ
)0
As an immediate consequence, we have that these initially dense objects are also initially dense in the subconstructs
of MCξ which contain the initially dense object. This is for instance the case for the subconstructs of T0-objects. In [2] the
T0-objects of MCξ are characterized as follows.
Proposition 5.1. (X, D) is a T0-object ofMC iff ∀x, y ∈ X, x = y, ∃d ∈ D: d(x, y) = 0 or d(y, x) = 0.ξ
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locC  ξ ηC  ξ
(MC

ξ )0 ([0,∞], ξ(d−1P ↓)) ([0,∞], ξ(dP↓))
([0,∞], ξ({da | a ∈ R+}↓))
(MC
θ
ξ )0 ([0,∞], ξ({e−1a |a ∈ R+}↓)) ([0,∞], ξ(dP↓))
([0,∞], ξ({da | a ∈ R+}↓))
(MC
s
ξ )0 ([0,∞], ξ(dE↓)) ([0,∞], ξ({d∗a | a ∈ R+}↓))
(MC
sθ
ξ )0 ([0,∞], ξ({e∗a | a ∈ R+}↓)) ([0,∞], ξ({d∗a | a ∈ R+}↓))
The subconstruct of all T0-objects of MCξ is denoted by (M
C
ξ )0. The quasi-metrics dP and dE are T0. For x, y ∈ [0,∞],
put a = x∨ y, then da(x, y) = 0 or da(y, x) = 0. Hence, all initially dense objects considered are T0. For the subconstructs of
T0-objects, the dense objects can be found in Table 1.
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